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Àííîòàöèÿ
Â ðàáîòå ïðåäñòàâëåíà ÷èñëåííî-àíàëèòè÷åñêàÿ ìåòîäèêà ðåøåíèÿ êîíòàêòíûõ çàäà÷
òåîðèè ïëàñòèí è îáîëî÷åê. Ïðîáëåìà ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ, îïèñûâàþùå-
ãî óñëîâèÿ êîíòàêòà, ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé.
Ôîðìèðîâàíèå è ðåøåíèå ýòîé ñèñòåìû ïðîèçâîäèòñÿ ñ ïîìîùüþ ÝÂÌ. Ìåòîäèêà ïðèìå-
íåíà ê ðåøåíèþ çàäà÷ êîíòàêòíîãî âçàèìîäåéñòâèÿ ïëàñòèíû è øòàìïà ïðè ðàçëè÷íûõ
ãðàíè÷íûõ óñëîâèÿõ.
Êëþ÷åâûå ñëîâà: êîíòàêòíàÿ çàäà÷à, ÷èñëåííîå ðåøåíèå, ñèñòåìà óðàâíåíèé, ãðà-
íè÷íûå óñëîâèÿ, îðìóëà àóññà.
1. Ïîñòàíîâêà çàäà÷è
åøåíèå çàäà÷ êîíòàêòíîãî âçàèìîäåéñòâèÿ øòàìïîâ ñ ðàçëè÷íûìè òåëàìè ÿâ-
ëÿåòñÿ àêòóàëüíîé ïðîáëåìîé ìåõàíèêè äåîðìèðóåìîãî òâåðäîãî òåëà. Èññëåäî-
âàíèÿ íà ýòó òåìó ïðåäñòàâëåíû â ðàáîòàõ Ë.À. àëèíà [1℄, Þ.Ï. Àðòþõèíà ñ
ñîàâòîðàìè [25℄, îáçîðå [6℄ è ìíîãèõ äðóãèõ. Äëÿ ðåøåíèÿ êîíòàêòíûõ çàäà÷ ñó-
ùåñòâóåò äâà îñíîâíûõ ïðèåìà: ðåøåíèå óðàâíåíèé ðàâíîâåñèÿ âíóòðè îáëàñòè
êîíòàêòà è âíå åå ñ ïîñëåäóþùèì îïðåäåëåíèåì êîíòàêòíîãî äàâëåíèÿ èç óñëîâèé
ñòûêîâêè; ïîñòðîåíèå èíòåãðàëüíîãî óðàâíåíèÿ îòíîñèòåëüíî êîíòàêòíîãî äàâëå-
íèÿ è åãî ðåøåíèå. Ïåðâûé ïðèåì âî ìíîãèõ ñëó÷àÿõ äîñòàòî÷íî ñëîæåí. Âòîðîé
ïðèåì ìîæåò áûòü îñóùåñòâëåí ñðàâíèòåëüíî ïðîñòî, åñëè èçâåñòíà óíêöèÿ âëè-
ÿíèÿ. Ïîñòàíîâêà êîíòàêòíûõ çàäà÷ äëÿ òîíêîñòåííûõ ýëåìåíòîâ êîíñòðóêöèé íà
îñíîâå òåîðèè Êèðõãîà Ëÿâà ïðèâîäèò ê ìàòåìàòè÷åñêè íåêîððåêòíûì çàäà÷àì.
Ó÷åò ñæèìàåìîñòè íîðìàëè ê ñðåäèííîé ïîâåðõíîñòè ïîçâîëÿåò ïîëó÷èòü êîíòàêò-
íûå íàïðÿæåíèÿ, ìàëî îòëè÷àþùèåñÿ îò íàïðÿæåíèé, âû÷èñëÿåìûõ ïî òî÷íûì
óðàâíåíèÿì òåîðèè óïðóãîñòè [5℄. Ñîãëàñíî ýòîé ïîñòàíîâêå óñëîâèÿ êîíòàêòà ïî-





G(r, ϕ, ξ, η)σ(ξ, η)dΩ = f(r, ϕ), (r, ϕ), (ξ, η) ∈ Ω, (1)
â êîòîðîì σ(r, ϕ)  íåèçâåñòíîå êîíòàêòíîå äàâëåíèå, k0 = 13h(1 − ν2)/32E 
êîýèöèåíò îáæàòèÿ, G(r, ϕ, ξ, η)  óíêöèÿ âëèÿíèÿ, f(r, ϕ)  óíêöèÿ îðìû
è æåñòêîãî ñìåùåíèÿ øòàìïà. Èíòåãðàë ïî îáëàñòè êîíòàêòà Ω ìîäåëèðóåò èçãèá
ñðåäèííîé ïîâåðõíîñòè ïëàñòèíû, k0σ(r, ϕ)  ïåðåìåùåíèÿ ïîâåðõíîñòè ïëàñòèíû
â ðåçóëüòàòå ìåñòíîãî îáæàòèÿ. àññìîòðåíû ñëó÷àè êðóãëîãî è ïðÿìîóãîëüíîãî
øòàìïà (ðèñ. 1 è ðèñ. 2 ñîîòâåòñòâåííî).
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èñ. 1. Ïîñòàíîâêà çàäà÷è äëÿ êðóãëîãî
øòàìïà
èñ. 2. Ïîñòàíîâêà çàäà÷è äëÿ ïðÿìî-
óãîëüíîãî øòàìïà
2. Ôóíêöèÿ âëèÿíèÿ
Ôóíêöèÿ âëèÿíèÿ äëÿ ïëàñòèíû, ëåæàùåé íà óïðóãîì îñíîâàíèè ñ îäíèì êî-
ýèöèåíòîì ïîñòåëè k , ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ
∇4G(r, ϕ, ξ, η) + λ4G(r, ϕ, ξ, η) = 1
Dξ
δ(r − ξ, ϕ− η), (2)
ãäå λ4 = k/D,D = Eh3/(12(1 − ν2)) , δ(r − ξ, ϕ − η)  δ -óíêöèÿ Äèðàêà ïðè
ñîîòâåòñòâóþùèõ êðàåâûõ óñëîâèÿõ.
åøåíèå óðàâíåíèÿ (2) èùåòñÿ â âèäå ðÿäà Ôóðüå
G(r, ϕ, ξ, η) =
∞∑
n=0
′Gn(r, ξ) cosn(ϕ− η). (3)
Â èíòåðâàëå (−pi, pi) δ -óíêöèÿ ïðåäñòàâèìà ðÿäîì Ôóðüå








îçíà÷àåò, ÷òî ïðè n = 0 ââîäèòñÿ êîýèöèåíò 1/2.
Ëåììà 1. ×àñòíîå ðåøåíèå äèåðåíöèàëüíîãî óðàâíåíèÿ âèäà
(∇4 + λ4)F (r, ϕ) = Φ(r, ϕ) (5)
ìîæíî ïðåäñòàâèòü â âèäå
F (r, ϕ) = F1(r, ϕ) + F2(r, ϕ), (6)
ãäå F1(r, ϕ) è F2(r, ϕ) ÿâëÿþòñÿ ÷àñòíûìè ðåøåíèÿìè óðàâíåíèé




(∇2 − iλ2)F2(r, ϕ) = 1
2iλ2
Φ(r, ϕ).
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Ëåììà äîêàçûâàåòñÿ ïðîñòîé ïîäñòàíîâêîé ðåøåíèÿ (6) â óðàâíåíèå (5).
Ïîäñòàâèâ (3) è (4) â (2), ïîëó÷èì óðàâíåíèå
(∇4n + λ4)Gn(r, ξ) =
1
piDξ
δ(r − ξ), n = 0, 1, . . . (7)















G1n = − 1
2iλ2piDξ

















δ(r − ξ). (9)
Ïîñòîÿííûå èíòåãðèðîâàíèÿ äîëæíû áûòü íàéäåíû èç óñëîâèé íà êîíòóðå ïëàñòè-






















































Óðàâíåíèÿ (8) è (9) ÿâëÿþòñÿ óðàâíåíèÿìè Áåññåëÿ. Îáùèå ðåøåíèÿ ñîîòâåò-
ñòâóþùèõ îäíîðîäíûõ óðàâíåíèé èçâåñòíû [8℄ è âûðàæàþòñÿ ÷åðåç öèëèíäðè÷å-
ñêèå óíêöèè. Óñëîâèå îãðàíè÷åííîñòè ïðîãèáà â öåíòðå ïëàñòèíû è îñîáåííîñòè
ïîâåäåíèÿ öèëèíäðè÷åñêèõ óíêöèé ïðè r → 0 ïîçâîëÿþò çàïèñàòü îáùåå ðåøåíèå






ãäå C1 è C2  íåèçâåñòíûå êîíñòàíòû.













y2 − iλ2 ,
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Îáðàùàÿ ïðåîáðàçîâàíèå [10℄, ïîëó÷èì îðèãèíàëû óíêöèé  ÷àñòíûå ðåøåíèÿ







√∓iλξ), 0 ≤ r ≤ ξ,
In(
√∓iλξ)Kn(
√∓iλr), ξ ≤ r.






vn(λr)fn(λξ) − un(λr)gn(λξ), 0 ≤ r ≤ ξ,
vn(λξ)fn(λr) − un(λξ)gn(λr), ξ ≤ r,
ãäå un(r) = bern(r) , vn(r) = −bein(r) , fn(r) = −hein(r) , gn(r) = hern(r)  óíêöèè
Êåëüâèíà [8℄. Òàêèì îáðàçîì, îáùåå ðåøåíèå óðàâíåíèÿ (7) åñòü






vn(λr)fn(λξ) − un(λr)gn(λξ), 0 ≤ r ≤ ξ,
vn(λξ)fn(λr) − un(λξ)gn(λr), ξ ≤ r.
C1n(ξ) è C2n(ξ) îïðåäåëÿþòñÿ èç óñëîâèé íà êîíòóðå ïëàñòèíû. Êîíêðåòíûå
âûðàæåíèÿ çäåñü íå ïðèâîäÿòñÿ ââèäó èõ ãðîìîçäêîñòè.
3. ×èñëåííîå ðåøåíèå
Äëÿ ðàññìàòðèâàåìîé çàäà÷è êîíòàêò ïðåäïîëàãàåòñÿ áåçîòðûâíûì. Îáëàñòü
êîíòàêòà ïîêðûâàåòñÿ ñåòêîé òîïîëîãè÷åñêèõ ïðÿìîóãîëüíèêîâ, â êàæäîì èç êî-
òîðûõ ïðîâîäèòñÿ èíòåãðèðîâàíèå ñ ïîìîùüþ êâàäðàòóðíîé îðìóëû àóññà [11℄.











Gr,ϕσ(ξikl , ηjkl)ξiklAiAj = γ, (13)
ãäå
Gr,ϕ ≡ G(rspq , ϕtpq , ξikl, ηjkl) =
m∑
m0=0
′Gm0(rspq , ξikl) cosm0(ϕtpq − ηjkl);
äëÿ ïðÿìîóãîëüíîãî øòàìïà  âèä










Gx,yσ(ξikl , ηjkl)AiAj = γ, (14)
ãäå
Gx,y ≡ G(xspq , ytpq, ξikl, ηjkl) =
m∑
m0=0
′Gm0(xspq, xiikl) cosm0(ytpq − ηjkl).
Â ïðèâåäåííûõ âûøå îðìóëàõ ïðèíÿòû îáîçíà÷åíèÿ: γ  æåñòêîå ñìåùåíèå
øòàìïà, Ai  âåñîâûå ìíîæèòåëè êâàäðàòóðíîé îðìóëû àóññà, hr, hϕ  øàã ðàç-
áèåíèÿ ñåòêè ïî ðàäèóñó è óãëó ñîîòâåòñòâåííî äëÿ êðóãëîãî øòàìïà, hx, hy  øàã
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ðàçáèåíèÿ ñåòêè ïî îñè àáñöèññ è îñè îðäèíàò ñîîòâåòñòâåííî äëÿ ïðÿìîóãîëüíîãî
øòàìïà, n  êîëè÷åñòâî òî÷åê â êâàäðàòóðíîé îðìóëå àóññà, m  êîëè÷åñòâî
óäåðæèâàåìûõ ÷ëåíîâ ðÿäà (ñ ïîìîùüþ ÷èñëåííûõ ýêñïåðèìåíòîâ áûëî óñòàíîâ-
ëåíî, ÷òî äîñòàòî÷íî ïðèíÿòü m = 23).
Ïðîáëåìà îïðåäåëåíèÿ çíà÷åíèé êîíòàêòíîãî äàâëåíèÿ â óçëàõ ñåòêè ñâîäèòñÿ ê
ðåøåíèþ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèè. Òàê êàê óíêöèÿ âëèÿíèÿ
íàéäåíà â ñèñòåìå êîîðäèíàò, ñâÿçàííîé ñ ïëàñòèíîé, äëÿ óïðîùåíèÿ îïèñàíèÿ
îáëàñòè èíòåãðèðîâàíèÿ îñóùåñòâëÿåòñÿ ïåðåõîä ê ñèñòåìå êîîðäèíàò, ñâÿçàííîé
ñî øòàìïîì ïî îðìóëàì
r cosφ = e+ ρ cosχ, r sinφ = ρ sinχ
äëÿ êðóãëîãî øòàìïà (ðèñ. 1) è
r cosφ = e+ x cos θ − y sin θ, r sinφ = x sin θ + y cos θ
äëÿ ïðÿìîóãîëüíîãî øòàìïà (ðèñ. 2).
Ïðè ÷èñëåííîì ðåøåíèè ñèñòåì óðàâíåíèé (13) è (14) äëÿ óñêîðåíèÿ ïðîöåññà
âû÷èñëåíèé óíêöèè Êåëüâèíà çàðàíåå âû÷èñëÿþòñÿ âî âñåõ óçëàõ êâàäðàòóðíîé
ñåòêè.
Èññëåäîâàíî ðàñïðåäåëåíèå êîíòàêòíûõ íàïðÿæåíèé â çàâèñèìîñòè îò îòíîñè-
òåëüíîãî ðàçìåðà øòàìïà, ýêñöåíòðèñèòåòà åãî ïîëîæåíèÿ, óãëà ïîâîðîòà è óñëîâèé
(10)(12) çàêðåïëåíèÿ ïëàñòèíû.
Ïðè ïðîâåäåíèè ðàñ÷åòîâ ïðèíèìàëîñü: h = 0.05 ì, γ = 0.005 ì, ν = 0.3 ,
E = 2 · 105 ÌÏà, k = 2 · 108 Í/ì3 . àäèóñ êðóãëîãî øòàìïà a = 0.1 ì. àçìåðû
êâàäðàòíîãî øòàìïà: b1 = b2 = 0.1 ì. àçìåðû ïðÿìîóãîëüíîãî øòàìïà: b1 = 0.1 ì,
b2 = 0.05 ì.
Íà ðèñ. 314 ïðåäñòàâëåíû ïîëÿ ðàñïðåäåëåíèÿ áåçðàçìåðíûõ íàïðÿæåíèé äëÿ










σ(ρ, ξ)ρ dρ dξ;









σ(x, y) dx dy.
Íà ðèñ. 3 íàáëþäàåòñÿ ñèììåòðè÷íàÿ âî âñåõ íàïðàâëåíèÿõ êàðòèíà. Ëèíèè
ðàâíûõ íàïðÿæåíèé ïðåäñòàâëÿþò ñîáîé êîíöåíòðè÷åñêèå îêðóæíîñòè. Íà êðàÿõ
îáëàñòè êîíòàêòà íàïðÿæåíèÿ äîñòèãàþò íàèáîëüøåãî çíà÷åíèÿ, à ïî ìåðå ïðè-
áëèæåíèÿ ê åå öåíòðó èõ âåëè÷èíà óìåíüøàåòñÿ. Íà ðèñ. 4 âèäíà ïîõîæàÿ êàðòèíà
ðàñïðåäåëåíèÿ êîíòàêòíûõ íàïðÿæåíèé äëÿ êâàäðàòíîãî øòàìïà. Íàáëþäàåòñÿ
ñèììåòðèÿ îòíîñèòåëüíî îñåé êîîðäèíàò. Ìàêñèìàëüíûå íàïðÿæåíèÿ âîçíèêàþò
â óãëîâûõ îáëàñòÿõ øòàìïà.
èñ. 514 èëëþñòðèðóþò âëèÿíèå óñëîâèé çàêðåïëåíèÿ ïëàñòèíû íà õàðàêòåð
ðàñïðåäåëåíèÿ êîíòàêòíîãî äàâëåíèÿ. Ïðè óñëîâèè ñâîáîäíîãî êðàÿ îáëàñòü ìàê-
ñèìàëüíûõ íàïðÿæåíèé ñìåùåíà â ñòîðîíó öåíòðà ïëàñòèíû (ïðè÷åì äëÿ ñëó÷àåâ
ïðÿìîóãîëüíîé è êâàäðàòíîé îðì øòàìïà íàèáîëüøèå íàïðÿæåíèÿ âîçíèêàþò
â ñîîòâåòñòâóþùèõ óãëîâûõ çîíàõ). Óðîâåíü íàïðÿæåíèé óìåíüøàåòñÿ ïî ìåðå
ïðèáëèæåíèÿ ê êðàþ ïëàñòèíû.
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èñ. 3. Êðóãëûé øòàìï, ýêñöåíòðèñèòåò
0.005 ì, êðàÿ ïëàñòèíû ñâîáîäíû
èñ. 4. Êâàäðàòíûé øòàìï, ýêñöåíòðèñè-
òåò 0.005 ì, êðàÿ ïëàñòèíû ñâîáîäíû
èñ. 5. Êðóãëûé øòàìï, ýêñöåíòðèñèòåò
0.7 ì, êðàÿ ïëàñòèíû æåñòêî çàäåëàíû
èñ. 6. Êðóãëûé øòàìï, ýêñöåíòðèñèòåò
0.7 ì, êðàÿ ïëàñòèíû ñâîáîäíû
èñ. 7. Êâàäðàòíûé øòàìï, ýêñöåíòðèñè-
òåò 0.7 ì, êðàÿ ïëàñòèíû æåñòêî çàäåëàíû
èñ. 8. Êâàäðàòíûé øòàìï, ýêñöåíòðèñè-
òåò 0.7 ì, êðàÿ ïëàñòèíû ñâîáîäíû
Â ñëó÷àå æåñòêîé çàäåëêè, íàïðîòèâ, ìàêñèìàëüíûå íàïðÿæåíèÿ âîçíèêàþò â
îáëàñòÿõ, áëèçêèõ ê êðàþ ïëàñòèíû, à ïî ìåðå ïðèáëèæåíèÿ ê åå öåíòðó óðîâåíü
íàïðÿæåíèé óìåíüøàåòñÿ.
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èñ. 9. Êâàäðàòíûé øòàìï, ýêñöåíòðèñè-
òåò 0.7 ì, êðàÿ ïëàñòèíû æåñòêî çàäåëàíû
èñ. 10. Êâàäðàòíûé øòàìï, ýêñöåíòðèñè-
òåò 0.7 ì, êðàÿ ïëàñòèíû ñâîáîäíû
èñ. 11. Êâàäðàòíûé øòàìï, ýêñöåíòðèñè-
òåò 0.7 ì, êðàÿ ïëàñòèíû æåñòêî çàêðåï-
ëåíû. Óãîë ïîâîðîòà pi/4
èñ. 12. Êâàäðàòíûé øòàìï, ýêñöåíòðèñè-
òåò 0.7 ì, êðàÿ ïëàñòèíû ñâîáîäíû. Óãîë
ïîâîðîòà pi/4
èñ. 13. Ïðÿìîóãîëüíûé øòàìï, ýêñöåí-
òðèñèòåò 0.7 ì, êðàÿ ïëàñòèíû æåñòêî çà-
êðåïëåíû. Óãîë ïîâîðîòà pi/3
èñ. 14. Ïðÿìîóãîëüíûé øòàìï, ýêñöåí-
òðèñèòåò 0.7 ì, êðàÿ ïëàñòèíû ñâîáîäíû.
Óãîë ïîâîðîòà pi/3
Ñëåäóåò îòìåòèòü, ÷òî æåñòêàÿ çàäåëêà è øàðíèðíîå çàêðåïëåíèå äàþò êà÷å-
ñòâåííî ñõîæèé õàðàêòåð ðàñïðåäåëåíèÿ êîíòàêòíûõ íàïðÿæåíèé.
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Summary
D.L. Egorov, S.A. Kuznetsov. Investigation of Contat Interation of Round Plates with
Stamps Based on Numerial-Analytial Tehnique.
The paper presents a numerial-analytial tehnique for solving ontat problems in
the theory of plates and shells. The solution of an integral equation desribing the ontat
onditions is redued to the solution of a system of linear algebrai equations. This system is
formed and solved by the omputer. The tehnique was applied to the solution of the problems
of ontat interation between a plate and a stamp under dierent boundary onditions.
Key words: ontat problem, numerial solution, system of equations, boundary
onditions, Gauss formula.
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